By contour integration we show that the phase operator e Ϫi ͑one of the pair of Susskind-Glogower operators͒ also possesses eigenkets ͉␥͘ * , which are the dual vector of e i 's eigenkets. The properties of ͉␥͘ * are studied and we see that ͉␥͘ * and e i 's eigenkets can also make up a phase-state representation.
I. INTRODUCTION
The phases of optical fields play the decisive role in many optical phenomena, particularly in diffraction and interference of light. Therefore much attention has been paid to the problem of defining and measuring an appropriate phase for radiation fields ͓1-3͔. There are quite a few ways to propose phase operators. For example, Paul ͓4͔ defined the phase operator by the diagonal coherent state representation ͑called Glauber-Sudarshan P representation͒ as ͔, e.g.,
which implies that â and â † cannot have regular polar decompositions due to their singularities. N ϵâ † â is the number operator.
The eigenstate of e i is given by ͓12͔ *Permanent address. 
The recursive relations then follow:
The first equation, if one notices the relation x␦(x)ϭ0, has the solution of ␦-function form
where ␦͑␥*͒ is a contour integration, defined by Heitler ͓17͔
as ␦͑␥*͒ϭ
where the contour C encircles the origin. Obviously ␥*␦͑␥*͒ϭ0, which holds in the sense of contour integration. Thus
͑26͒
Therefore the eigenket of e Ϫi is
Now, one can easily check that
When ͉␥*͉ϭ1, ␥*ϭe i , Eq. ͑27͒ becomes
and e Ϫi ͉␥͘ *
III. THE PROPERTIES OF ͦ␥‹ * When ͉␥*͉Ͼ1, ͉␥Ј͉Ͻ1, we calculate the overlap between ͗␥Ј͉ ͓the conjugate of Eq. ͑10͔͒ and ͉␥͘ * ,
Operating e i on ͉␥͘ * yields
Using ͗␥͉ ͉͑␥͘ is the eigenket of e i ͒ and ͉␥͘ * , we make up the following contour integration:
which represents a completeness relation in contour integration form. 
with the normalization integration
As an application of e Ϫi 's eigenket, we calculate
In summary, we have derived the eigenket of the SG phase operator e Ϫi , which can be considered as a dual vector ͑or a partner͒ of e i 's eigenket. The completeness relation ͑33͒ in contour integration form is an extension of the phase distribution completeness relation ͑16͒. That is to say that Eqs. ͑27͒, ͑31͒, and ͑33͒ should be included in the SG phase operator formalism. Although a lot of works have discussed the phase-state representation in quantum optics ͑for example, Ref. ͓18͔, ͓19͔͒, so far as we know, the eigenkets of operator e Ϫi , which form a complementary part for the SG phase operators, have not been given in the literature before.
